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In the name of meritocracy, modern economies devote increasing amounts of resources to quan-
tifying and ranking the performance of individuals and organisations. Rankings send out powerful
signals, which lead to identify the actions of top performers as the ‘best practices’ that others should
also adopt. However, several studies have shown that the imitation of best practices often leads
to a drop in performance. So, should those lagging behind in a ranking imitate top performers or
should they instead pursue a strategy of their own? I tackle this question within a stylised model
of a society whose agents seek to climb a ranking either by imitating the actions of top performers
or by randomly trying out different actions, i.e., via serendipity. The model gives rise to a rich
phenomenology, showing that the imitation of top performers increases welfare overall, but at the
cost of higher inequality. Indeed, the imitation of top performers turns out to be a self-defeating
strategy that consolidates the early advantage of a few lucky - and not necessarily talented - win-
ners, leading to a very unequal, homogenised, and effectively non-meritocratic society. Conversely,
serendipity favours meritocratic outcomes and helps to preserve a good degree of social mobility.
I. INTRODUCTION
Modern advanced economies devote ever increasing amounts of resources to quantifying and ranking the performance
of individuals, companies and institutions. The rationale underpinning this trend is that of meritocracy: ranking
performance encourages to strive to be at the top, generating a virtuous cycle which rewards top performers and
incentivises others to improve.
Based on such rationale, both ‘white-collar’ [1, 2] and ‘blue-collar’ [3] workers in a variety of sectors are nowadays
monitored and ranked based on their productivity. In many work environments, this meritocratic paradigm is often
implemented through public relative performance feedback (PRF) [4], which entails disclosing workers’ productivity
metrics in order to promote the diffusion of the practices adopted by top performers. Adopted by a large number
of US corporations [5], PRF has measurably led to improvements in productivity in a variety of workplaces (e.g.,
hospitals [4, 6]), and has led to temporary improvements in test results when applied to students in schools [7].
On the other hand, experimental research suggests that PRF may lead to more nuanced outcomes under certain
incentive schemes. Studies have shown that PRF may backfire in situations where participants are compensated under
tournament-like incentives akin to schemes that are in place in many firms, where the top-performing employees receive
a bonus [8]. Indeed, the cognitive costs associated with a change of strategy to adopt best practices often lead to
further improvement for a minority of already excellent performers, and to a deterioration in performance for the rest
of the population [9].
Similar contradictions also arise at the aggregate level of organisations. For example, the academic performance
of higher education institutions is now measured and ranked in a variety of ways based, e.g., on the ability to
attract funding, student output, awards received, graduate employment, etc. [10]. Although all these indicators
individually contribute to the quality and prestige of academic institutions, their aggregation into rankings has
attracted considerable controversy and criticism as a driver of homogenisation in higher education, as universities
become more responsive to changes in the rankings themselves than to their broader social responsibilities [11, 12].
In line with the above considerations, a growing body of literature suggests that the outcomes of ranking processes
do not necessarily reflect the true value of the individuals or organisations being ranked [13]. Arguably, such a
disconnect between value and ranking is the byproduct of the interaction between three main factors: imitation,
serendipity, and reactivity.
As mentioned above in relation to PRF, the imitation of ‘best practices’ adopted by successful individuals can
backfire and exacerbate inequalities in performance. In fact, the disconnect between value and success is a typical
emergent property of collective decision systems, where individual decisions are not made independently [14, 15].
Experimental studies have indeed demonstrated that the very same people or items can achieve markedly different
levels of success in a ranking in situations where individuals can observe and imitate the choices made by others
(see, e.g., [16] for a seminal example in an artificial cultural market). In such situations, the compound imitation of
choices typically results in a very skewed visibility distribution, which in turn leads to a few dominant ‘hits’ ultimately
capturing most of the attention, as is systematically the case for, e.g., movies [17], web pages [18], and even scientific
papers [19].
At the same time, serendipity is known to play an exceedingly important - yet often underplayed - role in determining
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2success. A number of studies have highlighted how random events can lead to the aforementioned disconnect between
an individual’s value (e.g., skills and intelligence) and her level of success. For example, a recent simulation-based
study has shown how short-term success in an artificial society is most often achieved by the luckiest individuals
rather than the most talented ones [20], with real-world examples of similar dynamics having been found, e.g., in
financial markets [21, 22], sports [23] and science [24].
In most cases, the tension between imitation and serendipity as different mechanisms to achieve success in a ranking
is driven by reactivity, which refers to changes in behaviour due to the awareness of being observed (also referred
to as the Hawthorne effect [25]). In this respect, quantifying and ranking performance is a self-defeating process in
situations where individuals can partially manipulate the metrics according to which they are being ranked. This
is encapsulated by the adage known as Goodhart’s Law [26]: ‘when a measure becomes a target, it ceases to be a
good measure’. Examples of Goodhart’s Law in action abound in many contexts. For example, surgeons in the UK
reportedly try to avoid the most complex surgeries due to the introduction of public league tables reporting success
rates [27]. Similarly, school systems based on standardized testing are known to be plagued by ‘teaching to the test’
practices, i.e., teachers devoting disproportionate amounts of time and resources to subjects known to be frequently
assessed in tests, preventing pupils from receiving a broader education [28]. In recent years, academia has also been
affected by similar practices due to the constantly increasing emphasis being placed on citation-based bibliometric
indicators to quantify the impact of published research and rank researchers accordingly. Indeed, plenty of evidence
relates such practices with the empirically observed increase in self-citation rates [29, 30] and exchange of citations
between coauthors [31].
In contexts where individuals or institutions are ranked, reactivity provides a strong incentive to imitate the actions
of top performers. Yet, as mentioned above, this can easily backfire. So, what should those lagging behind in a ranking
do to climb closer to the top?
In the following, I propose a stylised model to contrast imitation and serendipity as competing mechanism in an
artificial society whose agents are aware of being ranked based on their performance, and try to climb the ranking
by either imitating the past actions of better ranked agents, or by trying their luck with the adoption of new actions
that are presented to them at random. Within this simplified setting, I will seek to determine whether the adoption
of best practices from top performers can always outperform luck, as one would intuitively expect. The model gives
rise to rather rich dynamic, which unveils a negative feedback loop between the likelihood of climbing a ranking and
the attempt of doing so through the imitation of top performers. Indeed, I will show that imitation is a largely
self-defeating endeavour, which in most cases is vastly outperformed by serendipity.
The paper is organised as follows. In Section II I outline the model and provide some qualitative intuition on its
functioning and its main results. Section III is then devoted to outlining such results in detail, while Section IV
concludes the paper with a discussion on its implications.
II. THE MODEL
Let us consider N agents who repeatedly select which action to play among M possibilities. Each action can in
principle yield a payoff up to a value pij ∈ [0, 1] (j = 1, . . . ,M), but the agents’ ability to reap the benefits of a
particular action varies according to a matrix αij ∈ [0, 1] (i = 1, . . . , N ; j = 1, . . . ,M) such that the payoff that agent
i receives when adopting action j reads
Pij = αijpij . (1)
In the following, and throughout the rest of the paper, I will assume both the pij ’s and the αij ’s to be independent
random variables drawn from a uniform distribution over [0, 1].
The payoffs pij in the above definition capture the intrinsic potential profitability of the available actions, whereas
the factors αij capture the idiosyncrasies associated with the agents’ abilities to profit from them due to, e.g., different
skill sets. For example, in an academic context the payoffs pij would quantify the overall potential for impact of a
scientific field j, while αij would quantify the ability of a specific researcher i to publish high-quality research in it.
Crucially, there can be situations such that Pij > Pik and pij < pik, i.e., cases in which an agent i is better off
playing an action that is associated with a lower potential payoff, but still yields a higher individual payoff to her (if
αij  αik). In the same analogy used above, this would represent a researcher i whose individual potential is much
better fulfilled in a less impactful field.
At the beginning of time (t = 0) each agent starts out by playing a randomly selected action, but at any later time
step (t = 1, . . . , T ) has the opportunity to change action depending on the payoff she has received in the latest round.
Let us denote as P
(t)
ij the payoff agent i has received by playing action j at time t. Let us define the payoffs an agent
3has accumulated over time as the agent’s utility. This reads
ui(t) =
t∑
t′=0
P
(t′)
ij =
t∑
t′=0
αijt′pijt′ , (2)
and depends on the set of actions {pij0 , pij1 , . . . , pijt} she has played at each round.
At each time step t, the agents are ranked based on the utility they have accumulated up to that point (i.e.,
ui1(t) ≥ ui2(t) ≥ . . . ≥ uiN (t)), and use such ranking in order to decide whether to change their current action or not.
Namely:
(1) at each time step t each agent keeps playing the same action with probability equal to the last payoff she has
received, i.e., P
(t−1)
ij ;
(2) if an agent changes action, then with probability q ∈ [0, 1] she copies the time t−1 action of a randomly selected
agent among those ranked better than her, while with probability 1− q she picks a new action at random.
The model’s dynamic is sketched in Fig. 1. Point (1) above captures the agents’ quest for actions that are profitable
to themselves. Indeed, an agent will drop a potentially highly profitable action (pij . 1) with high probability when
her ability to benefit from it is low (αij  1). Point (2) instead describes the probabilistic selection process with
which the agents choose new actions. This depends on one parameter q ∈ [0, 1], which quantifies to what extent the
agents pay attention to the ranking and choose to imitate the actions of their most successful peers. When q is large,
the majority of action changes will be aimed at imitating the actions of the most successful agents. Conversely, when
q is small most agents will select a random action when switching to a new one.
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{i1,⇡k}
<latexit sha1_base64="oIGmNewJd6/yP7NFF68jFre6IXo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDLaCCylJN7osun FZwT6gCWEynbRDJw9mJkII8VfcuFDErR/izr9x2mahrQcuHM65l3vv8RPOpLKsb6Oysbm1vVPdre3tHxwemccnfRmngtAeiXkshj6WlLOI9hRTnA4TQXHoczrwZ7dzf/BIhWRx9KCyhLohnkQsYAQrLXlmvenkzLMvkZMwL58VyCmantmwWtYCaJ3YJ WlAia5nfjnjmKQhjRThWMqRbSXKzbFQjHBa1JxU0gSTGZ7QkaYRDql088XxBTrXyhgFsdAVKbRQf0/kOJQyC33dGWI1laveXPzPG6UquHZzFiWpohFZLgpSjlSM5kmgMROUKJ5pgolg+lZEplhgonReNR2CvfryOum3W7bVsu/bjc5NGUcVTuEMLsCGK +jAHXShBwQyeIZXeDOejBfj3fhYtlaMcqYOf2B8/gAQvJO7</latexit><latexit sha1_base64="oIGmNewJd6/yP7NFF68jFre6IXo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDLaCCylJN7osun FZwT6gCWEynbRDJw9mJkII8VfcuFDErR/izr9x2mahrQcuHM65l3vv8RPOpLKsb6Oysbm1vVPdre3tHxwemccnfRmngtAeiXkshj6WlLOI9hRTnA4TQXHoczrwZ7dzf/BIhWRx9KCyhLohnkQsYAQrLXlmvenkzLMvkZMwL58VyCmantmwWtYCaJ3YJ WlAia5nfjnjmKQhjRThWMqRbSXKzbFQjHBa1JxU0gSTGZ7QkaYRDql088XxBTrXyhgFsdAVKbRQf0/kOJQyC33dGWI1laveXPzPG6UquHZzFiWpohFZLgpSjlSM5kmgMROUKJ5pgolg+lZEplhgonReNR2CvfryOum3W7bVsu/bjc5NGUcVTuEMLsCGK +jAHXShBwQyeIZXeDOejBfj3fhYtlaMcqYOf2B8/gAQvJO7</latexit><latexit sha1_base64="oIGmNewJd6/yP7NFF68jFre6IXo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDLaCCylJN7osun FZwT6gCWEynbRDJw9mJkII8VfcuFDErR/izr9x2mahrQcuHM65l3vv8RPOpLKsb6Oysbm1vVPdre3tHxwemccnfRmngtAeiXkshj6WlLOI9hRTnA4TQXHoczrwZ7dzf/BIhWRx9KCyhLohnkQsYAQrLXlmvenkzLMvkZMwL58VyCmantmwWtYCaJ3YJ WlAia5nfjnjmKQhjRThWMqRbSXKzbFQjHBa1JxU0gSTGZ7QkaYRDql088XxBTrXyhgFsdAVKbRQf0/kOJQyC33dGWI1laveXPzPG6UquHZzFiWpohFZLgpSjlSM5kmgMROUKJ5pgolg+lZEplhgonReNR2CvfryOum3W7bVsu/bjc5NGUcVTuEMLsCGK +jAHXShBwQyeIZXeDOejBfj3fhYtlaMcqYOf2B8/gAQvJO7</latexit><latexit sha1_base64="oIGmNewJd6/yP7NFF68jFre6IXo=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDLaCCylJN7osun FZwT6gCWEynbRDJw9mJkII8VfcuFDErR/izr9x2mahrQcuHM65l3vv8RPOpLKsb6Oysbm1vVPdre3tHxwemccnfRmngtAeiXkshj6WlLOI9hRTnA4TQXHoczrwZ7dzf/BIhWRx9KCyhLohnkQsYAQrLXlmvenkzLMvkZMwL58VyCmantmwWtYCaJ3YJ WlAia5nfjnjmKQhjRThWMqRbSXKzbFQjHBa1JxU0gSTGZ7QkaYRDql088XxBTrXyhgFsdAVKbRQf0/kOJQyC33dGWI1laveXPzPG6UquHZzFiWpohFZLgpSjlSM5kmgMROUKJ5pgolg+lZEplhgonReNR2CvfryOum3W7bVsu/bjc5NGUcVTuEMLsCGK +jAHXShBwQyeIZXeDOejBfj3fhYtlaMcqYOf2B8/gAQvJO7</latexit>
{i2,⇡`}
<latexit sha1_base64="x0scVDY48v4dyNmT++DfjcBdg2U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4ut 4EFK0osei148VrC10ISw2W7apZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/PClDOlHefbKq2srq1vlDcrW9s7u3v2/kFHJZkktE0SnshuiBXlTNC2ZprTbiopjkNO78PR9dS/f6BSsUTc6XFK/RgPBIsYwdpIgX1U 83IWNM6Rl7Ig9yjnE+RNaoFdderODGiZuAWpQoFWYH95/YRkMRWacKxUz3VS7edYakY4nVS8TNEUkxEe0J6hAsdU+fns/gk6NUofRYk0JTSaqb8nchwrNY5D0xljPVSL3lT8z+tlOrr0cybSTFNB5ouijCOdoGkYqM8kJZq PDcFEMnMrIkMsMdEmsooJwV18eZl0GnXXqbu3jWrzqoijDMdwAmfgwgU04QZa0AYCj/AMr/BmPVkv1rv1MW8tWcXMIfyB9fkDYL6VCA==</latexit><latexit sha1_base64="x0scVDY48v4dyNmT++DfjcBdg2U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4ut 4EFK0osei148VrC10ISw2W7apZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/PClDOlHefbKq2srq1vlDcrW9s7u3v2/kFHJZkktE0SnshuiBXlTNC2ZprTbiopjkNO78PR9dS/f6BSsUTc6XFK/RgPBIsYwdpIgX1U 83IWNM6Rl7Ig9yjnE+RNaoFdderODGiZuAWpQoFWYH95/YRkMRWacKxUz3VS7edYakY4nVS8TNEUkxEe0J6hAsdU+fns/gk6NUofRYk0JTSaqb8nchwrNY5D0xljPVSL3lT8z+tlOrr0cybSTFNB5ouijCOdoGkYqM8kJZq PDcFEMnMrIkMsMdEmsooJwV18eZl0GnXXqbu3jWrzqoijDMdwAmfgwgU04QZa0AYCj/AMr/BmPVkv1rv1MW8tWcXMIfyB9fkDYL6VCA==</latexit><latexit sha1_base64="x0scVDY48v4dyNmT++DfjcBdg2U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4ut 4EFK0osei148VrC10ISw2W7apZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/PClDOlHefbKq2srq1vlDcrW9s7u3v2/kFHJZkktE0SnshuiBXlTNC2ZprTbiopjkNO78PR9dS/f6BSsUTc6XFK/RgPBIsYwdpIgX1U 83IWNM6Rl7Ig9yjnE+RNaoFdderODGiZuAWpQoFWYH95/YRkMRWacKxUz3VS7edYakY4nVS8TNEUkxEe0J6hAsdU+fns/gk6NUofRYk0JTSaqb8nchwrNY5D0xljPVSL3lT8z+tlOrr0cybSTFNB5ouijCOdoGkYqM8kJZq PDcFEMnMrIkMsMdEmsooJwV18eZl0GnXXqbu3jWrzqoijDMdwAmfgwgU04QZa0AYCj/AMr/BmPVkv1rv1MW8tWcXMIfyB9fkDYL6VCA==</latexit><latexit sha1_base64="x0scVDY48v4dyNmT++DfjcBdg2U=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4ut 4EFK0osei148VrC10ISw2W7apZtN2N0IJfbgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/PClDOlHefbKq2srq1vlDcrW9s7u3v2/kFHJZkktE0SnshuiBXlTNC2ZprTbiopjkNO78PR9dS/f6BSsUTc6XFK/RgPBIsYwdpIgX1U 83IWNM6Rl7Ig9yjnE+RNaoFdderODGiZuAWpQoFWYH95/YRkMRWacKxUz3VS7edYakY4nVS8TNEUkxEe0J6hAsdU+fns/gk6NUofRYk0JTSaqb8nchwrNY5D0xljPVSL3lT8z+tlOrr0cybSTFNB5ouijCOdoGkYqM8kJZq PDcFEMnMrIkMsMdEmsooJwV18eZl0GnXXqbu3jWrzqoijDMdwAmfgwgU04QZa0AYCj/AMr/BmPVkv1rv1MW8tWcXMIfyB9fkDYL6VCA==</latexit>
{i3,⇡s}
<latexit sha1_base64="wJwMQuGPfEWcuendKeWeFy5r5OY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZ wISWpC10W3bisYB/QhDCZTtqhkwczEyGE+CtuXCji1g9x5984bbPQ1gMXDufcy733+AlnUlnWt7G2vrG5tV3Zqe7u7R8cmkfHPRmngtAuiXksBj6WlLOIdhVTnA4SQXHoc9r3p7czv/9IhWRx9KCyhLohHkcsYAQrLXlmr eHkzLu8QE7CvFwWyCkanlm3mtYcaJXYJalDiY5nfjmjmKQhjRThWMqhbSXKzbFQjHBaVJ1U0gSTKR7ToaYRDql08/nxBTrTyggFsdAVKTRXf0/kOJQyC33dGWI1kcveTPzPG6YquHZzFiWpohFZLApSjlSMZkmgEROUKJ 5pgolg+lZEJlhgonReVR2CvfzyKum1mrbVtO9b9fZNGUcFTuAUzsGGK2jDHXSgCwQyeIZXeDOejBfj3fhYtK4Z5UwN/sD4/AEgJpPF</latexit><latexit sha1_base64="wJwMQuGPfEWcuendKeWeFy5r5OY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZ wISWpC10W3bisYB/QhDCZTtqhkwczEyGE+CtuXCji1g9x5984bbPQ1gMXDufcy733+AlnUlnWt7G2vrG5tV3Zqe7u7R8cmkfHPRmngtAuiXksBj6WlLOIdhVTnA4SQXHoc9r3p7czv/9IhWRx9KCyhLohHkcsYAQrLXlmr eHkzLu8QE7CvFwWyCkanlm3mtYcaJXYJalDiY5nfjmjmKQhjRThWMqhbSXKzbFQjHBaVJ1U0gSTKR7ToaYRDql08/nxBTrTyggFsdAVKTRXf0/kOJQyC33dGWI1kcveTPzPG6YquHZzFiWpohFZLApSjlSMZkmgEROUKJ 5pgolg+lZEJlhgonReVR2CvfzyKum1mrbVtO9b9fZNGUcFTuAUzsGGK2jDHXSgCwQyeIZXeDOejBfj3fhYtK4Z5UwN/sD4/AEgJpPF</latexit><latexit sha1_base64="wJwMQuGPfEWcuendKeWeFy5r5OY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZ wISWpC10W3bisYB/QhDCZTtqhkwczEyGE+CtuXCji1g9x5984bbPQ1gMXDufcy733+AlnUlnWt7G2vrG5tV3Zqe7u7R8cmkfHPRmngtAuiXksBj6WlLOIdhVTnA4SQXHoc9r3p7czv/9IhWRx9KCyhLohHkcsYAQrLXlmr eHkzLu8QE7CvFwWyCkanlm3mtYcaJXYJalDiY5nfjmjmKQhjRThWMqhbSXKzbFQjHBaVJ1U0gSTKR7ToaYRDql08/nxBTrTyggFsdAVKTRXf0/kOJQyC33dGWI1kcveTPzPG6YquHZzFiWpohFZLApSjlSMZkmgEROUKJ 5pgolg+lZEJlhgonReVR2CvfzyKum1mrbVtO9b9fZNGUcFTuAUzsGGK2jDHXSgCwQyeIZXeDOejBfj3fhYtK4Z5UwN/sD4/AEgJpPF</latexit><latexit sha1_base64="wJwMQuGPfEWcuendKeWeFy5r5OY=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVZ wISWpC10W3bisYB/QhDCZTtqhkwczEyGE+CtuXCji1g9x5984bbPQ1gMXDufcy733+AlnUlnWt7G2vrG5tV3Zqe7u7R8cmkfHPRmngtAuiXksBj6WlLOIdhVTnA4SQXHoc9r3p7czv/9IhWRx9KCyhLohHkcsYAQrLXlmr eHkzLu8QE7CvFwWyCkanlm3mtYcaJXYJalDiY5nfjmjmKQhjRThWMqhbSXKzbFQjHBaVJ1U0gSTKR7ToaYRDql08/nxBTrTyggFsdAVKTRXf0/kOJQyC33dGWI1kcveTPzPG6YquHZzFiWpohFZLApSjlSMZkmgEROUKJ 5pgolg+lZEJlhgonReVR2CvfzyKum1mrbVtO9b9fZNGUcFTuAUzsGGK2jDHXSgCwQyeIZXeDOejBfj3fhYtK4Z5UwN/sD4/AEgJpPF</latexit>
{⇡1, . . . ,⇡r, . . . ,⇡M}
<latexit sha1_base64="PfWf8qHD/TAY4igFhj87lYm78Wg=">AAACFnicbVDLSsNAFJ3U V62vqEs3g63gopakG10W3bgRKtgHNCFMJpN26GQSZiZCCf0KN/6KGxeKuBV3/o3TNIK2Hhg495x7uXOPnzAqlWV9GaWV1bX1jfJmZWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHP SM8fX8383j0Rksb8Tk0S4kZoyGlIMVJa8syzmpNBJ6GeXYcOC2Il63kp4E8N58INdKY1z6xaDSsHXCZ2QaqgQNszP50gxmlEuMIMSTmwrUS5GRKKYkamFSeVJEF4jIZkoClHEZFulp81hSda CWAYC/24grn6eyJDkZSTyNedEVIjuejNxP+8QarCCzejPEkV4Xi+KEwZVDGcZQQDKghWbKIJwoLqv0I8QgJhpZOs6BDsxZOXSbfZsK2Gfdusti6LOMrgCByDU2CDc9AC16ANOgCDB/AEXsCr 8Wg8G2/G+7y1ZBQzh+APjI9vBX6cww==</latexit><latexit sha1_base64="PfWf8qHD/TAY4igFhj87lYm78Wg=">AAACFnicbVDLSsNAFJ3U V62vqEs3g63gopakG10W3bgRKtgHNCFMJpN26GQSZiZCCf0KN/6KGxeKuBV3/o3TNIK2Hhg495x7uXOPnzAqlWV9GaWV1bX1jfJmZWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHP SM8fX8383j0Rksb8Tk0S4kZoyGlIMVJa8syzmpNBJ6GeXYcOC2Il63kp4E8N58INdKY1z6xaDSsHXCZ2QaqgQNszP50gxmlEuMIMSTmwrUS5GRKKYkamFSeVJEF4jIZkoClHEZFulp81hSda CWAYC/24grn6eyJDkZSTyNedEVIjuejNxP+8QarCCzejPEkV4Xi+KEwZVDGcZQQDKghWbKIJwoLqv0I8QgJhpZOs6BDsxZOXSbfZsK2Gfdusti6LOMrgCByDU2CDc9AC16ANOgCDB/AEXsCr 8Wg8G2/G+7y1ZBQzh+APjI9vBX6cww==</latexit><latexit sha1_base64="PfWf8qHD/TAY4igFhj87lYm78Wg=">AAACFnicbVDLSsNAFJ3U V62vqEs3g63gopakG10W3bgRKtgHNCFMJpN26GQSZiZCCf0KN/6KGxeKuBV3/o3TNIK2Hhg495x7uXOPnzAqlWV9GaWV1bX1jfJmZWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHP SM8fX8383j0Rksb8Tk0S4kZoyGlIMVJa8syzmpNBJ6GeXYcOC2Il63kp4E8N58INdKY1z6xaDSsHXCZ2QaqgQNszP50gxmlEuMIMSTmwrUS5GRKKYkamFSeVJEF4jIZkoClHEZFulp81hSda CWAYC/24grn6eyJDkZSTyNedEVIjuejNxP+8QarCCzejPEkV4Xi+KEwZVDGcZQQDKghWbKIJwoLqv0I8QgJhpZOs6BDsxZOXSbfZsK2Gfdusti6LOMrgCByDU2CDc9AC16ANOgCDB/AEXsCr 8Wg8G2/G+7y1ZBQzh+APjI9vBX6cww==</latexit><latexit sha1_base64="PfWf8qHD/TAY4igFhj87lYm78Wg=">AAACFnicbVDLSsNAFJ3U V62vqEs3g63gopakG10W3bgRKtgHNCFMJpN26GQSZiZCCf0KN/6KGxeKuBV3/o3TNIK2Hhg495x7uXOPnzAqlWV9GaWV1bX1jfJmZWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHP SM8fX8383j0Rksb8Tk0S4kZoyGlIMVJa8syzmpNBJ6GeXYcOC2Il63kp4E8N58INdKY1z6xaDSsHXCZ2QaqgQNszP50gxmlEuMIMSTmwrUS5GRKKYkamFSeVJEF4jIZkoClHEZFulp81hSda CWAYC/24grn6eyJDkZSTyNedEVIjuejNxP+8QarCCzejPEkV4Xi+KEwZVDGcZQQDKghWbKIJwoLqv0I8QgJhpZOs6BDsxZOXSbfZsK2Gfdusti6LOMrgCByDU2CDc9AC16ANOgCDB/AEXsCr 8Wg8G2/G+7y1ZBQzh+APjI9vBX6cww==</latexit>
{i,⇡r}
<latexit sha1_base64="AwSY25al+RTLsxQskJq/PttnqBQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbE VPEhJetFj0YvHCvYDmhA22027dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3BYtY+OuyrJJKEdkvBE9kOsKGeCdjTTnPZTSXEcctoLJ7dzv/dIpWKJeNDTlPoxHgkWMYK1kQK7W vdydom8lAUSebN6YNechrMAWiduQWpQoB3YX94wIVlMhSYcKzVwnVT7OZaaEU5nFS9TNMVkgkd0YKjAMVV+vjh8hs6NMkRRIk0JjRbq74kcx0pN49B0xliP1ao3F//zBpmOrv2ciTTTVJDloijjSCdongIaMkmJ5lNDMJ HM3IrIGEtMtMmqYkJwV19eJ91mw3Ua7n2z1rop4ijDKZzBBbhwBS24gzZ0gEAGz/AKb9aT9WK9Wx/L1pJVzJzAH1ifPx5fkhI=</latexit><latexit sha1_base64="AwSY25al+RTLsxQskJq/PttnqBQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbE VPEhJetFj0YvHCvYDmhA22027dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3BYtY+OuyrJJKEdkvBE9kOsKGeCdjTTnPZTSXEcctoLJ7dzv/dIpWKJeNDTlPoxHgkWMYK1kQK7W vdydom8lAUSebN6YNechrMAWiduQWpQoB3YX94wIVlMhSYcKzVwnVT7OZaaEU5nFS9TNMVkgkd0YKjAMVV+vjh8hs6NMkRRIk0JjRbq74kcx0pN49B0xliP1ao3F//zBpmOrv2ciTTTVJDloijjSCdongIaMkmJ5lNDMJ HM3IrIGEtMtMmqYkJwV19eJ91mw3Ua7n2z1rop4ijDKZzBBbhwBS24gzZ0gEAGz/AKb9aT9WK9Wx/L1pJVzJzAH1ifPx5fkhI=</latexit><latexit sha1_base64="AwSY25al+RTLsxQskJq/PttnqBQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbE VPEhJetFj0YvHCvYDmhA22027dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3BYtY+OuyrJJKEdkvBE9kOsKGeCdjTTnPZTSXEcctoLJ7dzv/dIpWKJeNDTlPoxHgkWMYK1kQK7W vdydom8lAUSebN6YNechrMAWiduQWpQoB3YX94wIVlMhSYcKzVwnVT7OZaaEU5nFS9TNMVkgkd0YKjAMVV+vjh8hs6NMkRRIk0JjRbq74kcx0pN49B0xliP1ao3F//zBpmOrv2ciTTTVJDloijjSCdongIaMkmJ5lNDMJ HM3IrIGEtMtMmqYkJwV19eJ91mw3Ua7n2z1rop4ijDKZzBBbhwBS24gzZ0gEAGz/AKb9aT9WK9Wx/L1pJVzJzAH1ifPx5fkhI=</latexit><latexit sha1_base64="AwSY25al+RTLsxQskJq/PttnqBQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbE VPEhJetFj0YvHCvYDmhA22027dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0w5U9pxvq3SxubW9k55t7K3f3BYtY+OuyrJJKEdkvBE9kOsKGeCdjTTnPZTSXEcctoLJ7dzv/dIpWKJeNDTlPoxHgkWMYK1kQK7W vdydom8lAUSebN6YNechrMAWiduQWpQoB3YX94wIVlMhSYcKzVwnVT7OZaaEU5nFS9TNMVkgkd0YKjAMVV+vjh8hs6NMkRRIk0JjRbq74kcx0pN49B0xliP1ao3F//zBpmOrv2ciTTTVJDloijjSCdongIaMkmJ5lNDMJ HM3IrIGEtMtMmqYkJwV19eJ91mw3Ua7n2z1rop4ijDKZzBBbhwBS24gzZ0gEAGz/AKb9aT9WK9Wx/L1pJVzJzAH1ifPx5fkhI=</latexit>
Prob = Pij
<latexit sha1_base64="lZP6dC7JcKj+m1lzeoQvk530a1I=" >AAACAXicbVC7TsMwFHV4lvIKsCCxWLSVmKqkCyxIFSyMQaIPqY0ix3VbU9uJbAepisLCr7AwgBArf8HG3+C0GaDlSJaOzvHVPfe EMaNKO863tbK6tr6xWdoqb+/s7u3bB4dtFSUSkxaOWCS7IVKEUUFammpGurEkiIeMdMLJde53HohUNBJ3ehoTn6ORoEOKkTZSYB9X +xzpseSpJ6Mwg5fQC1J6n1UDu+LUnRngMnELUgEFvMD+6g8inHAiNGZIqZ7rxNpPkdQUM5KV+4kiMcITNCI9QwXiRPnp7IIM1owy gMNImic0nKm/J1LElZpyE7CWx1WLXi7+5/USPbzwUyriRBOB54uGCYM6gnkdcEAlwZpNDUFYUpMV4jGSCGtTWtmU4C6evEzajbrr 1N3bRqV5VdRRAifgFJwBF5yDJrgBHmgBDB7BM3gFb9aT9WK9Wx/zrytWMXME/sD6/AGK85ZI</latexit><latexit sha1_base64="lZP6dC7JcKj+m1lzeoQvk530a1I=" >AAACAXicbVC7TsMwFHV4lvIKsCCxWLSVmKqkCyxIFSyMQaIPqY0ix3VbU9uJbAepisLCr7AwgBArf8HG3+C0GaDlSJaOzvHVPfe EMaNKO863tbK6tr6xWdoqb+/s7u3bB4dtFSUSkxaOWCS7IVKEUUFammpGurEkiIeMdMLJde53HohUNBJ3ehoTn6ORoEOKkTZSYB9X +xzpseSpJ6Mwg5fQC1J6n1UDu+LUnRngMnELUgEFvMD+6g8inHAiNGZIqZ7rxNpPkdQUM5KV+4kiMcITNCI9QwXiRPnp7IIM1owy gMNImic0nKm/J1LElZpyE7CWx1WLXi7+5/USPbzwUyriRBOB54uGCYM6gnkdcEAlwZpNDUFYUpMV4jGSCGtTWtmU4C6evEzajbrr 1N3bRqV5VdRRAifgFJwBF5yDJrgBHmgBDB7BM3gFb9aT9WK9Wx/zrytWMXME/sD6/AGK85ZI</latexit><latexit sha1_base64="lZP6dC7JcKj+m1lzeoQvk530a1I=" >AAACAXicbVC7TsMwFHV4lvIKsCCxWLSVmKqkCyxIFSyMQaIPqY0ix3VbU9uJbAepisLCr7AwgBArf8HG3+C0GaDlSJaOzvHVPfe EMaNKO863tbK6tr6xWdoqb+/s7u3bB4dtFSUSkxaOWCS7IVKEUUFammpGurEkiIeMdMLJde53HohUNBJ3ehoTn6ORoEOKkTZSYB9X +xzpseSpJ6Mwg5fQC1J6n1UDu+LUnRngMnELUgEFvMD+6g8inHAiNGZIqZ7rxNpPkdQUM5KV+4kiMcITNCI9QwXiRPnp7IIM1owy gMNImic0nKm/J1LElZpyE7CWx1WLXi7+5/USPbzwUyriRBOB54uGCYM6gnkdcEAlwZpNDUFYUpMV4jGSCGtTWtmU4C6evEzajbrr 1N3bRqV5VdRRAifgFJwBF5yDJrgBHmgBDB7BM3gFb9aT9WK9Wx/zrytWMXME/sD6/AGK85ZI</latexit><latexit sha1_base64="lZP6dC7JcKj+m1lzeoQvk530a1I=" >AAACAXicbVC7TsMwFHV4lvIKsCCxWLSVmKqkCyxIFSyMQaIPqY0ix3VbU9uJbAepisLCr7AwgBArf8HG3+C0GaDlSJaOzvHVPfe EMaNKO863tbK6tr6xWdoqb+/s7u3bB4dtFSUSkxaOWCS7IVKEUUFammpGurEkiIeMdMLJde53HohUNBJ3ehoTn6ORoEOKkTZSYB9X +xzpseSpJ6Mwg5fQC1J6n1UDu+LUnRngMnELUgEFvMD+6g8inHAiNGZIqZ7rxNpPkdQUM5KV+4kiMcITNCI9QwXiRPnp7IIM1owy gMNImic0nKm/J1LElZpyE7CWx1WLXi7+5/USPbzwUyriRBOB54uGCYM6gnkdcEAlwZpNDUFYUpMV4jGSCGtTWtmU4C6evEzajbrr 1N3bRqV5VdRRAifgFJwBF5yDJrgBHmgBDB7BM3gFb9aT9WK9Wx/zrytWMXME/sD6/AGK85ZI</latexit>
Prob = 1  Pij
<latexit sha1_base64="Ux+8zyYPkSED2p1I2g8uLClJBoI=">AAA CBXicbVC7TsMwFHXKq5RXgBEGi7YSC1XSBRakChbGINGH1EaR4zqtqZ1EtoNURVlY+BUWBhBi5R/Y+BucNgO0HMnS0Tm+uuceP2ZUKsv6Nkor q2vrG+XNytb2zu6euX/QkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/uc797gMRkkbhnZrGxOVoFNKAYqS05JnHtQFHaix46ojIz+AltOEZd LyU3mc1z6xaDWsGuEzsglRBAcczvwbDCCechAozJGXftmLlpkgoihnJKoNEkhjhCRqRvqYh4kS66eyKDNa1MoRBJPQLFZypvydSxKWcch2ynk eWi14u/uf1ExVcuCkN40SREM8XBQmDKoJ5JXBIBcGKTTVBWFCdFeIxEggrXVxFl2AvnrxMOs2GbTXs22a1dVXUUQZH4AScAhucgxa4AQ5oAww ewTN4BW/Gk/FivBsf868lo5g5BH9gfP4ALO+XDg==</latexit><latexit sha1_base64="Ux+8zyYPkSED2p1I2g8uLClJBoI=">AAA CBXicbVC7TsMwFHXKq5RXgBEGi7YSC1XSBRakChbGINGH1EaR4zqtqZ1EtoNURVlY+BUWBhBi5R/Y+BucNgO0HMnS0Tm+uuceP2ZUKsv6Nkor q2vrG+XNytb2zu6euX/QkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/uc797gMRkkbhnZrGxOVoFNKAYqS05JnHtQFHaix46ojIz+AltOEZd LyU3mc1z6xaDWsGuEzsglRBAcczvwbDCCechAozJGXftmLlpkgoihnJKoNEkhjhCRqRvqYh4kS66eyKDNa1MoRBJPQLFZypvydSxKWcch2ynk eWi14u/uf1ExVcuCkN40SREM8XBQmDKoJ5JXBIBcGKTTVBWFCdFeIxEggrXVxFl2AvnrxMOs2GbTXs22a1dVXUUQZH4AScAhucgxa4AQ5oAww ewTN4BW/Gk/FivBsf868lo5g5BH9gfP4ALO+XDg==</latexit><latexit sha1_base64="Ux+8zyYPkSED2p1I2g8uLClJBoI=">AAA CBXicbVC7TsMwFHXKq5RXgBEGi7YSC1XSBRakChbGINGH1EaR4zqtqZ1EtoNURVlY+BUWBhBi5R/Y+BucNgO0HMnS0Tm+uuceP2ZUKsv6Nkor q2vrG+XNytb2zu6euX/QkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/uc797gMRkkbhnZrGxOVoFNKAYqS05JnHtQFHaix46ojIz+AltOEZd LyU3mc1z6xaDWsGuEzsglRBAcczvwbDCCechAozJGXftmLlpkgoihnJKoNEkhjhCRqRvqYh4kS66eyKDNa1MoRBJPQLFZypvydSxKWcch2ynk eWi14u/uf1ExVcuCkN40SREM8XBQmDKoJ5JXBIBcGKTTVBWFCdFeIxEggrXVxFl2AvnrxMOs2GbTXs22a1dVXUUQZH4AScAhucgxa4AQ5oAww ewTN4BW/Gk/FivBsf868lo5g5BH9gfP4ALO+XDg==</latexit><latexit sha1_base64="Ux+8zyYPkSED2p1I2g8uLClJBoI=">AAA CBXicbVC7TsMwFHXKq5RXgBEGi7YSC1XSBRakChbGINGH1EaR4zqtqZ1EtoNURVlY+BUWBhBi5R/Y+BucNgO0HMnS0Tm+uuceP2ZUKsv6Nkor q2vrG+XNytb2zu6euX/QkVEiMGnjiEWi5yNJGA1JW1HFSC8WBHGfka4/uc797gMRkkbhnZrGxOVoFNKAYqS05JnHtQFHaix46ojIz+AltOEZd LyU3mc1z6xaDWsGuEzsglRBAcczvwbDCCechAozJGXftmLlpkgoihnJKoNEkhjhCRqRvqYh4kS66eyKDNa1MoRBJPQLFZypvydSxKWcch2ynk eWi14u/uf1ExVcuCkN40SREM8XBQmDKoJ5JXBIBcGKTTVBWFCdFeIxEggrXVxFl2AvnrxMOs2GbTXs22a1dVXUUQZH4AScAhucgxa4AQ5oAww ewTN4BW/Gk/FivBsf868lo5g5BH9gfP4ALO+XDg==</latexit>
Prob = q
<latexit sha1_base64="HNWxMWSivvlub6zXAg8feeqpz+w=">AAAB/HicbVDLSgMxFM3UV62v0S7dBNuCqzLTjW6EohuXF ewD2qFk0rQNzWNMMsIw1F9x40IRt36IO//GTDsLbT1w4XDOveTkhBGj2njet1PY2Nza3inulvb2Dw6P3OOTjpaxwqSNJZOqFyJNGBWkbahhpBcpgnjISDec3WR+95EoTaW4N0lEAo4mgo4pRsZKQ7dcHXBkpoqnLSXDObyCD9WhW/Hq3gJwnfg5qYAcraH7NRh JHHMiDGZI677vRSZIkTIUMzIvDWJNIoRnaEL6lgrEiQ7SRfg5rFllBMdS2REGLtTfFyniWifcZqtlSfWql4n/ef3YjC+DlIooNkTg5UPjmEEjYdYEHFFFsGGJJQgrarNCPEUKYWP7KtkS/NUvr5NOo+57df+uUWle53UUwSk4A+fABxegCW5BC7QBBgl4Bq/gz XlyXpx352O5WnDymzL4A+fzB5UllA0=</latexit><latexit sha1_base64="HNWxMWSivvlub6zXAg8feeqpz+w=">AAAB/HicbVDLSgMxFM3UV62v0S7dBNuCqzLTjW6EohuXF ewD2qFk0rQNzWNMMsIw1F9x40IRt36IO//GTDsLbT1w4XDOveTkhBGj2njet1PY2Nza3inulvb2Dw6P3OOTjpaxwqSNJZOqFyJNGBWkbahhpBcpgnjISDec3WR+95EoTaW4N0lEAo4mgo4pRsZKQ7dcHXBkpoqnLSXDObyCD9WhW/Hq3gJwnfg5qYAcraH7NRh JHHMiDGZI677vRSZIkTIUMzIvDWJNIoRnaEL6lgrEiQ7SRfg5rFllBMdS2REGLtTfFyniWifcZqtlSfWql4n/ef3YjC+DlIooNkTg5UPjmEEjYdYEHFFFsGGJJQgrarNCPEUKYWP7KtkS/NUvr5NOo+57df+uUWle53UUwSk4A+fABxegCW5BC7QBBgl4Bq/gz XlyXpx352O5WnDymzL4A+fzB5UllA0=</latexit><latexit sha1_base64="HNWxMWSivvlub6zXAg8feeqpz+w=">AAAB/HicbVDLSgMxFM3UV62v0S7dBNuCqzLTjW6EohuXF ewD2qFk0rQNzWNMMsIw1F9x40IRt36IO//GTDsLbT1w4XDOveTkhBGj2njet1PY2Nza3inulvb2Dw6P3OOTjpaxwqSNJZOqFyJNGBWkbahhpBcpgnjISDec3WR+95EoTaW4N0lEAo4mgo4pRsZKQ7dcHXBkpoqnLSXDObyCD9WhW/Hq3gJwnfg5qYAcraH7NRh JHHMiDGZI677vRSZIkTIUMzIvDWJNIoRnaEL6lgrEiQ7SRfg5rFllBMdS2REGLtTfFyniWifcZqtlSfWql4n/ef3YjC+DlIooNkTg5UPjmEEjYdYEHFFFsGGJJQgrarNCPEUKYWP7KtkS/NUvr5NOo+57df+uUWle53UUwSk4A+fABxegCW5BC7QBBgl4Bq/gz XlyXpx352O5WnDymzL4A+fzB5UllA0=</latexit><latexit sha1_base64="HNWxMWSivvlub6zXAg8feeqpz+w=">AAAB/HicbVDLSgMxFM3UV62v0S7dBNuCqzLTjW6EohuXF ewD2qFk0rQNzWNMMsIw1F9x40IRt36IO//GTDsLbT1w4XDOveTkhBGj2njet1PY2Nza3inulvb2Dw6P3OOTjpaxwqSNJZOqFyJNGBWkbahhpBcpgnjISDec3WR+95EoTaW4N0lEAo4mgo4pRsZKQ7dcHXBkpoqnLSXDObyCD9WhW/Hq3gJwnfg5qYAcraH7NRh JHHMiDGZI677vRSZIkTIUMzIvDWJNIoRnaEL6lgrEiQ7SRfg5rFllBMdS2REGLtTfFyniWifcZqtlSfWql4n/ef3YjC+DlIooNkTg5UPjmEEjYdYEHFFFsGGJJQgrarNCPEUKYWP7KtkS/NUvr5NOo+57df+uUWle53UUwSk4A+fABxegCW5BC7QBBgl4Bq/gz XlyXpx352O5WnDymzL4A+fzB5UllA0=</latexit>
Prob = 1  q
<latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZw bZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9 LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit ><latexit sha1_base64="DVBXlL1GIQH+agnE/3CqliPmfcg=">AAAB83icbZDLSgMxGIX/8Vpr1VFw5SbYFtxYZtzoRhDcu KxgL9AOJZOmbWguY5IRylDwVdy4UMR3cefbmGm70NYDgcM5hJx8ccKZsUHw7a2tb2xubRd2irulvf0D/7DUNCrVhDaI4kq3Y2woZ5I2LLOcthNNsYg5bcXj27xvPVFtmJIPdpLQSOChZANGsHVRzz+udAW2Iy2yulbxFF2j8Pyx0vPLQS2YCa2acGHKsFC9539 1+4qkgkpLODamEwaJjTKsLSOcTovd1NAEkzEe0o6zEgtqomw2f4qqLumjgdLuSItm6e8bGRbGTIRbV823muUuD//rOqkdXEUZk0lqqSTzhwYpR1ahnAXqM02J5RNnMNHMbUVkhDUm1hErOgjh8pdXTfOiFga18D6AApzAKZxBCJdwA3dQhwYQyOAF3uDde/Zev Y85rjVvwe0I/sj7/AEYQpMY</latexit><latexit sha1_base64="DVBXlL1GIQH+agnE/3CqliPmfcg=">AAAB83icbZDLSgMxGIX/8Vpr1VFw5SbYFtxYZtzoRhDcu KxgL9AOJZOmbWguY5IRylDwVdy4UMR3cefbmGm70NYDgcM5hJx8ccKZsUHw7a2tb2xubRd2irulvf0D/7DUNCrVhDaI4kq3Y2woZ5I2LLOcthNNsYg5bcXj27xvPVFtmJIPdpLQSOChZANGsHVRzz+udAW2Iy2yulbxFF2j8Pyx0vPLQS2YCa2acGHKsFC9539 1+4qkgkpLODamEwaJjTKsLSOcTovd1NAEkzEe0o6zEgtqomw2f4qqLumjgdLuSItm6e8bGRbGTIRbV823muUuD//rOqkdXEUZk0lqqSTzhwYpR1ahnAXqM02J5RNnMNHMbUVkhDUm1hErOgjh8pdXTfOiFga18D6AApzAKZxBCJdwA3dQhwYQyOAF3uDde/Zev Y85rjVvwe0I/sj7/AEYQpMY</latexit><latexit sha1_base64="DMsxdKbQ/SWoIhud4bhzevdwWV4=">AAAB/nicbVDLSgMxFM3UV62vUXHlJtgW3Fhm3OhGKLpxW cE+oB1KJs20oXmMSUYoQ8FfceNCEbd+hzv/xkw7C209cOFwzr3k5IQxo9p43rdTWFldW98obpa2tnd299z9g5aWicKkiSWTqhMiTRgVpGmoYaQTK4J4yEg7HN9kfvuRKE2luDeTmAQcDQWNKEbGSn33qNLjyIwUTxtKhlN4Bf2zh0rfLXs1bwa4TPyclEGORt/ 96g0kTjgRBjOkddf3YhOkSBmKGZmWeokmMcJjNCRdSwXiRAfpLP4UVq0ygJFUdoSBM/X3RYq41hNu01WzrHrRy8T/vG5iossgpSJODBF4/lCUMGgkzLqAA6oINmxiCcKK2qwQj5BC2NjGSrYEf/HLy6R1XvO9mn/nlevXeR1FcAxOwCnwwQWog1vQAE2AQQqew St4c56cF+fd+ZivFpz85hD8gfP5A3prlH0=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit><latexit sha1_base64="lXPCTbSe3hiK7h08jMXIik26niQ=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBNuCG8tMN7oRim5cV rAPaIeSSTNtaB5jkhHKUPBX3LhQxK3f4c6/MdPOQlsPXDiccy85OWHMqDae9+2srK6tb2wWtorbO7t7++7BYUvLRGHSxJJJ1QmRJowK0jTUMNKJFUE8ZKQdjm8yv/1IlKZS3JtJTAKOhoJGFCNjpb57XO5xZEaKpw0lwym8gv75Q7nvlryqNwNcJn5OSiBHo+9 +9QYSJ5wIgxnSuut7sQlSpAzFjEyLvUSTGOExGpKupQJxooN0Fn8KK1YZwEgqO8LAmfr7IkVc6wm36SpZVr3oZeJ/Xjcx0WWQUhEnhgg8fyhKGDQSZl3AAVUEGzaxBGFFbVaIR0ghbGxjRVuCv/jlZdKqVX2v6t/VSvXrvI4COAGn4Az44ALUwS1ogCbAIAXP4 BW8OU/Oi/PufMxXV5z85gj8gfP5A3sLlH8=</latexit>
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FIG. 1: Sketch of the model. At the beginning of a time step, agent i is playing action j, which awards a payoff pij . With probability
equal to the individual payoff Pij = αijpij (see Eq. (1)), the agent keeps playing the same action, and with probability 1 − Pij switches
to a new action, which is determined either via imitation or via serendipity. With probability q, the agent adopts the action being played
by a (randomly selected) better ranked agent, while with probability 1− q the agent selects a new action at random.
Fig. 2 provides some initial intuition of the results we can expect from the model. The panels illustrate agent
trajectories in the space of possible actions for simulations of the model with N = 200, M = 1000, T = 500. The
payoffs pij and the matrix elements αij are independent and identically distributed variables drawn from a uniform
distribution over [0, 1]. From left to right, the panels correspond to q = 0.1 (a model where the agents’ action selection
process is largely random), q = 0.5, and q = 0.9 (a model where the agents’ selection process is largely driven by the
imitation of better ranked agents), respectively. The top (bottom) panels show the trajectories of the top (bottom)
10 agents according to the final ranking at time T .
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FIG. 2: From left to right panels show results of a single simulation run of the model for q = 0.1, q = 0.5, and q = 0.9, respectively. Top
(bottom) panels show the trajectories of the top (bottom) 10 agents based on the ranking at the final time T = 500. The y axis shows
the numbers associated with the actions being adopted, which go from 1 to M = 1000 in no particular order. As it can be seen, in the
q = 0.5 simulation the top agents tend to lock in on action 186, while in the q = 0.9 top agents lock in on action 516.
As it can be seen from the top panels, higher values of q lead to much higher stability in terms of the actions
played by the highest ranked agents. Indeed, for q = 0.1 no particular pattern is clearly discernible, as the agents
keep switching actions and do so mostly at random. On the other hand, for q = 0.9 the top 10 agents quickly lock
in on the same action, and essentially keep playing it with very few interruptions. Furthermore, the ranking makes
sure that such interruptions are short-lived, as top ranked agents only have a handful of peers to look up to in the
ranking, and these are all playing the same action most of the time.
The bottom panels show that the above effect trickles down all the way to the bottom of the ranking. Indeed, it can
be seen that for higher values of q even the lowest ranked agents tend to return to the action played by the highest
ranked ones, albeit in a much more noisy fashion. All in all, these examples begin to highlight the presence of a clear
feedback mechanism between the ranking and the level of attention the agents pay to it when switching actions: the
higher the value of q, the more frequently all agents will turn to the ranking to make their decisions, regardless of
their abilities. This mechanism dramatically narrows the diversity of choices made by top ranked agents, which in
turn further narrows the options of lower ranked agents when they turn to the ranking to decide which actions to
adopt.
III. RESULTS
I will now turn to exploring the model’s results in greater detail. First, I will investigate how utility is generated
and distributed across the agents.
A. Utility and inequality
At any given time step we can define the total utility of the agents simply as U(t) =
∑N
i=1 ui(t), where the utility
of each agent is defined as per Eq. (2). The left panel in Fig. 3 shows the total utility U(T ) at the end of simulations
with N = 200, M = 1000, T = 500. As it can be seen, the total utility increases monotonically with the parameter
5q. At first glance, this would seem to suggest that the agents are overall better off when changing actions based on
the imitation of better ranked individuals. Yet, the increase in total utility is not unequivocally positive.
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FIG. 3: Left panel: total utility U(T ) as a function of the parameter q. Central panel: Gini coefficient (see Eq. (3)) of the agents’ utility
distribution as a function of q. Right panel: utility accumulated by the bottom (blue circles) and top (purple diamonds) 10% of the agents
in the ranking. In all panels circles / diamonds represent average values, while error bars represent 95% confidence level intervals obtained
over 500 independent simulations. In all cases, simulations were run with N = 200 and M = 1000, and all values were measured at time
T = 500.
The central panel in Fig. 3 shows the Gini coefficient for the distribution of the agents’ individual utility at the
end of simulations. A very well known measure of inequality in a society, the Gini coefficient is usually defined as
g(U(t)) =
1
NU(t)
∑
i<k
|ui(t)− uk(t)| . (3)
By construction, the Gini coefficient ranges from 0 for a perfectly equal society (ui(t) = uk(t), ∀ i, k) to 1 for a
completely unequal society where the entirety of the available utility is owned by a single agent (ui(t) = U(t) and
uk(t) = 0, ∀ k 6= i). As shown in the Figure, the Gini coefficient g(u(T )) at the end of simulations increases
monotonically with the parameter q, highlighting a steady increase in inequality.
The two above results together show that an increased attention towards the ranking drives towards an overall
increase in utility, although such utility gets increasingly concentrated in the hands of fewer agents. In principle, this
does not rule out that those at the bottom of the ranking might still be better off in absolute terms, in which case
higher inequality would be a more justifiable outcome. However, the right panel in Fig. 3 shows that the total utility
accumulated by the bottom 10% of the population eventually decreases for high values of q. Symmetrically, the total
utility accumulated by the top 10% steadily increases with q.
In summary, the results presented in this section show that when imitation becomes the prevalent strategy, society
as a whole becomes ‘richer’. Yet, this is entirely driven by a much faster accumulation of utility in the higher layers
of the ranking, whereas those at the bottom eventually accumulate less utility than they would if their actions were
chosen at random.
B. Meritocracy and homogenisation
The results of the previous section show that when the agents pay more attention to the ranking, the inequalities
between them increase. Yet, such an outcome would surely look more acceptable if it somehow reflected an underlying
meritocratic dynamic, according to which the ‘best’ agents are those who accumulate more utility. In order to verify
whether this is indeed the case, I introduce two measures of fitness of the agents. The first one is the average payoff
an agent would be able to receive in the long run by uniformly playing all actions at random
φavgi =
1
M
M∑
j=1
Pij =
1
M
M∑
j=1
αijpij , (4)
6whereas the second one is the highest payoff an agent can extract by playing her most profitable actions, i.e.,
φmaxi = Pij∗ , (5)
where j∗ is such that Pij∗ > Pij , ∀j 6= j∗.
The two above measures capture different aspects. The former considers agents with a more diversified portfolio
of skills as the fittest, whereas the latter singles out those agents who excel at one specific action, regardless of their
skills when playing other actions.
The left panel in Fig. 4 shows the Kendall correlation between the ranking of the agents in terms of utility and the
two above measures of fitness. Two observations can be made. First, unless q is very low utility systematically tends
to correlate more with φmax than with φavg, i.e., as soon as the ranking is relied upon to inform the agents’ decisions,
then the agents who are rewarded the most tend to be those excelling in a single action (typically one associated with
some of the highest payoffs) rather than those who are consistently good at playing several actions.
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FIG. 4: Left panel: Kendall correlation between the agents’ total utility and their fitness, as defined in Eq. (4) (blue circles) and Eq. (5)
(purple diamonds), as a function the parameter q. Right panel: society’s homogenisation, defined as the fraction δ(T ) of the actions being
played by at least one agent at the end of a simulation as a function of q. In both panels circles / diamonds represent average values, while
error bars represent 95% confidence level intervals obtained over 500 independent simulations with N = 200, M = 1000, and T = 500.
Second, both correlations decrease with higher values of q. The correlation between utility and φavg does so
monotonically, whereas the correlation between utility and φmax decreases after reaching a maximum value around
q ≈ 0.3. Such a decrease signals that the more the agents pay attention to the ranking, the less such ranking reflects
the actual agents’ skills, substantially reducing meritocracy.
The dynamics induced by the ranking also have consequences on society’s homogeneity terms of the number of
actions played by the agents. Let us denote the fraction of actions being adopted across the agent population at any
given time as δ(t) = M−1
∑M
j=1 1(pij , t), where the indicator function is such that 1(pij , t) = 1 if at least one agent is
playing action j at time t and 1(pij , t) = 0 otherwise. Clearly, we have δ(t) ∈ [1/M ; min(1, N/M)], where the lower
bound corresponds to all agents playing the same action, while the upper bound is attained when each agent is playing
a different action.
The right panel in Fig. 4 shows that homogeneity increases with q by reporting the average value of δ(T ), i.e. the
average fraction of actions being played at the end of a simulation. As it can be seen, when the ranking plays no role
in the agents’ decisions (q = 0), the agents already discard a very large fraction of the available actions. Intuitively,
this naturally happens through the agents’ random search for higher payoffs: once an agents randomly ‘stumbles
upon’ a highly rewarding action, she will keep playing it over multiple consecutive rounds with high probability. In
contrast, with higher q the agents will increasingly tend to imitate the choices of their better ranked peers, ultimately
shrinking the space of adopted actions to its bare minimum when q → 1.
7C. Social mobility
How stable are the rankings produced by the model? In this section I address this question by studying the agents’
social mobility in the model. Namely, I consider the fraction mi(t) of agents occupying a lower position than a certain
agent i in the ranking at a given time t, i.e.,
mi(t) =
1
N − 1
∑
j 6=i
Θ(ui(t)− uj(t)) , (6)
where Θ(·) denotes Heaviside’s step function, and quantify agent i’s social mobility over a time interval as ∆mi(t, t+
∆t) = mi(t+ ∆t)−mi(t) [32].
The panels in Fig. 5 show the time evolution of the above quantity averaged over different simulations with N = 200
and M = 1000. In all four panels, changes in the social mobility measure of Eq. (6) are computed over time lags of
∆t = 100 time steps, and the different panels refer to snapshots taken at time steps t = 100, 200, 300, 400. The solid
lines represent averages, whereas the shaded regions represent 90% confidence level intervals, and each panel shows
the results obtained for q = 0.1 and q = 0.9.
FIG. 5: Social mobility (defined as the change ∆m of the quantity in Eq. (6) over a time interval) averaged over 500 independent
simulations of a society with N = 200 and M = 1000. In all panels, social mobility is computed for each agent individually over
consecutive sets of ∆t = 100 simulation steps, and plotted as a function of the agent’s position in the ranking mi at the beginning of the
interval ∆t. As indicated by their labels, the panels refer to quantities computed across simulations at times t = 100, 200, 300, 400. Solid
lines refer to averages, whereas the shaded regions denote 90% confidence level intervals.
8As it can be seen, at the beginning of its time evolution the model displays substantial social mobility, regardless
of the agents’ preferences when switching actions. Indeed, the downward trend in the top-left panel of Fig. 5 shows
that agents that happen to start at the top of the ranking typically lose ground during early stages of the dynamics,
whereas agents initially at the bottom tend to climb up. However, as the dynamics continues the agents’ preferences
become increasingly important, leading to very different outcomes.
When random choices are prevalent (q = 0.1), the model still allows for considerable social mobility in the long run.
On average, the position of most agents in the ranking does not change dramatically, and agents at the top rapidly
consolidate their position, but large fluctuations still take place in the central and bottom parts of the ranking, allowing
agents with less utility to climb up. Conversely, when the agents mostly imitate better ranked agents (q = 0.9), the
ranking essentially freezes and most social mobility ceases.
The above result highlights once more the negative feedback between rankings and active efforts to climb them
based on the imitation of actions adopted by those at the top. Once the model has produced some early ‘winners’,
they will keep their position at the top of the ranking, and any effort made by lower-ranked agents to beat them
through imitation will only backfire. The only mitigation to this outcome is serendipity (low q), i.e. a random search
for more profitable actions, which prevents lower-ranked agents from becoming perpetual ‘losers’.
IV. DISCUSSION
This paper puts forward a stylised framework to model the emergence of a divide between the fitness of an agent
and her position in a ranking according to a measure of performance. This is done by simultaneously accounting
for three well documented mechanisms. First, the agents’ attempts at climbing the ranking account for reactivity,
i.e., the awareness of being observed and changing behaviour accordingly. Second, the imitation of ‘best practices’
and most successful strategies is encoded in the agents’ imitation of the actions adopted by top-ranked peers. Third,
serendipity partially determines the agents’ chances when they search for more profitable actions.
The combination of the three above factors gives rise to a fairly rich phenomenology, which allows to study the
tradeoff between imitation and serendipity as different strategies to climb a ranking. In a nutshell, such a tradeoff
can be summarised as follows. Attempting to climb a ranking by imitating the actions of those at the top is a self-
defeating strategy that further consolidates the early advantage of a few lucky - and not necessarily talented - winners.
Attempts based on serendipity, i.e., on a random search for more profitable actions, have instead a mitigating effect
on these outcomes.
A number of considerations can be made on the above. First, it is interesting to notice how the model highlights
the existence of a negative feedback loop between the attempt to ‘enforce’ meritocracy by means of a ranking process
and the actual possibility of achieving it. The model’s dynamic is such that it always creates some lucky winners, i.e.,
those agents who happen to stumble on a profitable action early on in the model’s time evolution and keep playing it
over several rounds with high probability. As shown in the left panel of Fig. 4, this is a general feature of the model,
as there is always a weakly positive correlation between the success achieved by the agents and their overall fitness
(echoing the findings of [20]). Yet, when decisions are largely driven by the ranking, most agents will seek to imitate
the actions of the early lucky winners, with the only result of widening inequality (see Fig. 3) and ultimately reducing
their own chances of climbing the ranking (see Fig. 5).
In this respect, it is interesting to observe that serendipity plays the role of a double-edged sword in the model.
On the one hand, it hampers meritocracy by endowing a lucky minority of agents with an early - yet permanent -
competitive advantage. On the other hand, when the parameter q is low, it partially restores meritocracy by favouring
increased social mobility and a higher correlation between fitness and ranking outcomes. Put differently, luck will
always generate some disconnect between intrinsic skills and measured performance, but attempts to overcome this
by means of a ranking process will typically make things worse for those lagging behind.
From the perspective of society as a whole, the attention paid to rankings has a number of effects. As already
mentioned, when the agents seek to climb the ranking through the imitation of others, they ultimately generate
higher inequality, lower meritocracy and reduced social mobility (see [33] for similar findings in the context of financial
wealth accumulation). Furthermore, the imitation mechanism drastically reduces the diversity of the actions played
by the agents, resulting in an almost complete homogenisation of society (see the right panel in Fig. 4). Interestingly,
this echoes evidence from financial markets, where analysts often prefer to imitate each other’s forecasts rather than
independently coming up with their own [34].
Finally, what lessons can be learned from the above model in the context of academic research and higher education?
At the level of individual researchers, the model’s results are in line with empirical evidence from publication data,
which reveals that the first papers in a novel field - regardless of their content - often tend to attract citations at
a higher rate than the papers following them [35]. In this respect, quoting [35], ‘the scientist who wants to become
famous is better off - by a wide margin - writing a modest paper in next year’s hottest field than an outstanding
9paper in this year’s’. Paraphrasing this in the context of the model, those who aim to become top-cited scientists in
their field have much better chances of doing it by serendipitously pursuing their own research agendas rather than
by imitating those of already well-established scientists.
At the broader level of institutions, instead, the model sheds some light on the causes of the increased homogenisation
of the higher education landscape, which indeed has been often associated with the ever-increasing emphasis put on
university rankings [11, 12]. As shown in Fig. 4 (right panel), the more the agents’ decisions are driven by the
imitation of their top-ranked peers, the less the space of possible actions is explored, and all agents end up playing
just a handful of actions, regardless of their profitability.
In conclusion, this paper puts forward a framework to model the interplay between imitation and serendipity in
situations where individuals or organisations are ranked (and aware of being ranked) based on some quantitative metric
of performance. The model is a deliberately stylised representation of the real-world dynamics of such situations, and
clearly has a number of limitations, such as, e.g., that the agents have no memory of their previous choices and cannot
learn from them to adapt their preferences for imitation or serendipity accordingly. Nevertheless, its strength lies
precisely in the clarity and simplicity of the assumptions made, and in the fact that these are enough to generate
rich dynamics which qualitatively resemble real-world observations. In this respect, hopefully the model presented in
this paper will contribute to reflect on the importance that we collectively place on rankings, and on the unintended
consequences they may have on our societies.
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